Abstract. We introduce a theory of volume polynomials and corresponding duality algebras of multi-fans. Any complete simplicial multi-fan ∆ determines a volume polynomial V ∆ whose values are the volumes of multi-polytopes based on ∆. This homogeneous polynomial is further used to construct a Poincare duality algebra A˚p∆q. We study the structure and properties of V ∆ and A˚p∆q and give applications and connections to other subjects, such as Macaulay duality, Novik-Swartz theory of face rings of simplicial manifolds, generalizations of Minkowski's theorem on convex polytopes, cohomology of torus manifolds, computations of volumes, and linear relations on the powers of linear forms. In particular, we prove that the analogue of the g-theorem does not hold for multi-polytopes.
Introduction
There is a fundamental correspondence in algebraic geometry [6] :
" Toric varieties of complex dimension n * ú tRational fans in R n u .
One can read the information about toric variety from its fan. Complete toric varieties correspond to complete fans, non-singular varieties correspond to nonsingular fans, and projective toric varieties correspond to normal fans of convex polytopes. Combinatorics of a fan and geometry of a toric variety are closely connected. In particular, the rays of a fan correspond to the divisors on toric variety and higher dimensional cones correspond to the intersections of divisors. In the work [7] Hattori and the second named author expanded this setting to topological category and generalized the above-mentioned correspondence in the following way:
(1.1)
"
Torus manifolds of real dimension 2n * ù tNonsingular multi-fans in R n u , which will be explained in a minute. Let X be a smooth closed oriented 2n-manifold with an effective action of an n-dimensional compact torus T and at least one fixed point. A closed, connected, codimension two submanifold of X will be called characteristic if it is a connected component of the fixed point set of a certain circle subgroup S of T , and if it contains at least one T -fixed point. The manifold X together with a preferred orientation of each characteristic submanifold is called a torus manifold. Characteristic submanifolds are the analogues of divisors on a toric variety.
Note, that there is no one-to-one correspondence in (1.1): there may be different (in any sense) torus manifolds producing the same multi-fan. Nevertheless, multifans provide a convenient tool to study such manifolds.
A multi-fan is the central object of this paper. We recall the precise definition later. Informally, a multi-fan is a collection of cones in V -R n with apex at the origin, coming with multiplicities and satisfying certain geometrical restrictions. Sometimes it is convenient to assume that there is a fixed lattice N Ă V , and the rays of ∆ are rational with respect to N . The cones of a multi-fan may overlap nontrivially, which makes a multi-fan more general and flexible object than an ordinary fan, and provides many nontrivial examples.
A multi-polytope is defined as follows. Let ∆ be a simplicial multi-fan in V -R n . For each ray l i P ∆, we specify an affine hyperplane H i Ă V˚orthogonal to the linear span of l i . A tuple P " p∆, H 1 , . . . , H m q is called a simple multipolytope based on ∆. The relation of the multi-polytope to the multi-fan on which it is based, is exactly the same as the relation of a polytope to its normal fan.
For any multi-polytope P Ă V˚there is a function DH P : V˚z Ť H i Ñ Z (the notation stands for Duistermaat-Heckman, see [7] ). Informally, for a generic point x P V˚the value DH P pxq indicates how many times the "boundary" of P wraps around x. The precise definition is given in Section 3. For an ordinary simple convex polytope this function takes value 1 inside the polytope, and 0 outside.
A multi-fan ∆ is called complete if it satisfies certain mild conditions (see [7] or Definition 2.5 below). For multi-polytopes based on complete simplicial multifans, the function DH P is compactly supported. We can define the volume of a multi-polytope P as an integral VolpP q :" ż V˚D H P dµ (the measure µ is chosen such that the volume of a fundamental domain of the dual lattice N˚is 1).
For a given simplicial multi-fan ∆ consider the space Polyp∆q of all multipolytopes based on ∆. Following [20] we call it the space of analogous multipolytopes. To specify an affine hyperplane orthogonal to a line xl i y Ă V one needs a single real number c i , the normalized distance from H i to the origin taken with sign. This number is called the support parameter. Thus the space Polyp∆q is isomorphic to R m , where m is the number of rays of ∆. Support parameters pc 1 , . . . , c m q provide the canonical coordinates on Polyp∆q.
If ∆ is complete, the volume gives a function on the space of analogous polytopes: Polyp∆q Ñ R, P Þ Ñ VolpP q. Similarly to the case of actual convex polytopes, studied by Pukhlikov-Khovanskii [14] and Timorin [20] , this function is a homogeneous polynomial in the support parameters.
Theorem 1.1 ( [7] ). Let ∆ be a complete simplicial multi-fan in R n with m rays. There exists a homogeneous polynomial V ∆ P Rrc 1 , . . . , c m s of degree n such that V ∆ pc 1 , . . . , c m q " VolpP q for a multi-polytope P P Polyp∆q with support parameters pc 1 , . . . , c m q. Following Timorin's approach [20] , we proceed as follows. Consider the ring D of differential operators with constant coefficients, acting on Rrc 1 , . . . , c m s. We have D " RrB 1 , . . . , B m s, where B i " B Bci . It is convenient to double the degree, so we assume that deg B i " 2. Given any nonzero homogeneous polynomial Ψ P Rrc 1 , . . . , c m s of degree n, consider the subspace AnnpΨq Ă D, AnnpΨq " tD P D | DΨ " 0u. It is easily seen, that AnnpΨq is a graded ideal, and the quotient algebra D{ AnnpΨq is finite-dimensional and vanishes in degrees ą 2n. Moreover, D{ AnnpΨq is a commutative Poincare duality algebra of formal dimension 2n [20, Prop.2.5.1] . Now consider a complete simplicial multi-fan ∆ and apply this construction to the volume polynomial V ∆ . In result we obtain a Poincare duality algebra A˚p∆q :" D{ AnnpV ∆ q associated with a multi-fan ∆. The main goal of this work is to study the volume polynomials and investigate the structure of the corresponding algebras and to show their relation to other topics in combinatorics, convex geometry, commutative algebra, and topology.
The work has the following structure. In Sections 2 and 3 we review the basic notions of the theory of multi-fans and in Section 4 we review the notion of the index map which is the key ingredient in the construction of the volume polynomial. In the work [7] , introducing multi-fans, the existence of a lattice N -Z n Ă V was assumed, so that multi-fans are non-singular (or at least rational) with respect to this lattice. In our paper we consider general multi-fans, probably non-rational. Instead of a lattice we assume that the ambient space V has a fixed inner product. This allows, in particular, to define and compute volumes of multi-polytopes in V˚" V of dimensions smaller than n (dealing with lattices, only unimodular volumes make sense). The exposition of the multi-fan theory is built to comply with this continuous setting. Nevertheless, all statements in the introductory sections follow from their lattice analogues discussed in [7] .
In Section 5 we prove the basic enumerative properties of the volume polynomial. While the values of V ∆ are the volumes of multi-polytopes, the values of its partial derivatives are the volumes of proper faces of these multi-polytopes up to certain constants. These relations will be used further in Section 9.
In Section 6 we prove a general formula (actually, a family of formulas) for the volume polynomial, and indicate a geometrical procedure which allows to find nontrivial linear identities on the powers of linear forms. For actual convex polytopes our formula coincides with the Lawrence's formula [8] , which is well known in computational geometry.
In Section 7 we review the general correspondence between homogeneous polynomials and Poincare duality algebras, known as the Macaulay duality. Using this correspondence we obtain an algebra A˚p∆q as a Poincare duality algebra corresponding to the volume polynomial V ∆ . One way to obtain this algebra is via differential operators as in Timorin's approach. Another way involves the index map of a multi-fan.
The structure of multi-fan algebras in some particular cases is described in Section 8. Every (complete simplicial) multi-fan has an underlying simplicial cycle. If this cycle is a homology sphere K, then A˚p∆q is the quotient of Stanley-Reisner algebra of K by a linear system of parameters, and the dimensions of its graded components are the h-numbers of K. This is similar to ordinary fans. If the underlying simplicial cycle is a homology manifold, the algebra A˚p∆q is the quotient of the Stanley-Reisner algebra by the linear system of parameters and by the certain ideal introduced and studied by Novik-Swartz [12, 13] . In this case the dimensions of the graded components of A˚p∆q are the h 2 -numbers of K. A short exposition of the Novik-Swartz theory is provided.
Section 9 aims to generalize a classical Minkowski theorem on convex polytopes to multi-polytopes. The direct Minkowski theorem has a straightforward generalization which can be used to obtain linear relations in the algebra A˚p∆q. On the other hand, the inverse Minkowski theorem, properly formulated, is controlled by the power map A 2 p∆q Ñ A 2n´2 p∆q, a Þ Ñ a n´1 . In Section 10 we answer the question which polynomials are volume polynomials of multi-fans, and which Poincare duality algebras are algebras of multi-fans. We prove that every Poincare duality algebra generated in degree 2 is isomorphic to A˚p∆q for some complete simplicial multi-fan ∆.
The basic operations on multi-fans, such as flips and connected sums, and their effects to multi-fan algebras are described in Section 11. In particular, we prove that, under flips, the dimensions of graded components of A˚p∆q change similarly to h-numbers of simplicial complexes.
Finally, in Section 12 we discuss the relation of A˚p∆q to the cohomology of torus manifolds. It is known that, for complete smooth toric variety X, the cohomology ring H˚pX; Rq coincides with the algebra A˚p∆ X q of the corresponding fan. Situation with general torus manifolds and their multi-fans is more complicated. Nevertheless, in a certain sense, the multi-fan algebra A˚p∆ X q gives a "lower bound" for the cohomology of a torus manifold.
2. Definitions: multi-fans 2.1. Multi-fans as parametrized collections of cones. Let us recall the definition and basic properties of multi-fans. This exposition follows the lines of [7] .
Consider an oriented vector space V -R n with a lattice N Ă V , N -Z n . A subset of the form κ " tr 1 v 1`¨¨¨`rk v k | r i ě 0u for given v 1 , . . . , v k P V is called a cone in V . Dimension of κ is the dimension of the linear hull of κ. A cone is called strongly convex if it contains no line through the origin. In the following all cones are assumed strongly convex.
Using classical construction of supporting hyperplane one can define the faces of κ, which are also the cones of smaller dimensions. If the generating set v 1 , . . . , v k may be chosen linearly independent (resp. rational, the part of basis of the lattice N ), κ is called simplicial (resp. rational, unimodular). Let ConepV q denote the set of all cones in V . This set obtains a partial order: κ 1 ă κ 2 whenever κ 1 is a face of κ 2 .
Let Σ be a finite partially ordered set with the minimal element˚. Suppose there is a map C : Σ Ñ ConepV q such that (1) Cp˚q " t0u; (2) If I ă J for I, J P S, then CpIq ă CpJq; (3) For any J P Σ the map C restricted on tI P S | I ď Ju is an isomorphism of ordered sets onto tκ P ConepV q | κ ĺ CpJqu.
The image CpΣq is a finite set of cones in V . We may think of a pair pΣ, Cq as a set of cones in V labeled by the ordered set Σ.
The poset Σ obtains a rank function: rkpIq :" dim CpIq. The set of elements in Σ having maximal rank n is denoted Σ xny . Consider an arbitrary function σ : Σ xny Ñ t´1,`1u called a sign function.
Definition 2.1 (Old definition). The triple ∆ :" pΣ, C, σq is called a multi-fan in V . The number n " dim V is called the dimension of ∆.
Multi-fan ∆ is called simplicial (resp. rational, non-singular) if the values of C are simplicial (resp. rational, unimodular) cones. In the following we will always assume that ∆ is simplicial. Then every cone of ∆ is simplicial and property (3) of the map C implies that Σ is a simplicial poset. Recall that a poset Σ is called simplicial if any lower order ideal S ďJ :" tI P S | I ď Ju is isomorphic to the poset of faces of a simplex (i.e. a boolean lattice).
2.2.
Multi-fans as pairs of weight and characteristic functions. Note that definition 2.1 of a multi-fan slightly differs from the definition of multi-fan given in [7] . To establish the correspondence consider the following construction. Let rms " t1, . . . , mu denote the set of vertices of Σ.
The signs of maximal simplices in Σ determine two functions on`r ms n˘, the set of all n-subsets of rms:
where w`pti 1 , . . . , i n uq (resp. w´pti 1 , . . . , i n uq) equals the number of simplices I P Σ xny on the vertices ti 1 , . . . , i n u having sign`1 (resp.´1). Although both functions w`, w´are important by topological reasons (see [7] ), only their difference w :" w`´w´is relevant to our work. So far w is a function which assigns an integral number to each n-subset of rms. Let us consider a pure simplicial complex K on the set rms whose maximal simplices K xny are the subsets I Ă rms satisfying wpIq ‰ 0.
To reach greater generality we allow w to take real values, thus w :ˆr ms n˙Ñ R.
Each vertex i P rms corresponds to a ray (i.e. 1-dimensional cone) of ∆. We choose a generator in each ray. This gives a so called characteristic map λ : rms Ñ V , such that the ray Cpiq is generated by λpiq for every i P rms. It satisfies the following property:
This condition is called˚-condition.
Note that in [7] all multi-fans were assumed rational. In this case the generator λpiq can be chosen canonically as a unique primitive integral vector contained in Cpiq. Since we want to include non-rational simplicial multi-fans in our consideration, we should specify the generators somehow in order for the subsequent calculations to make sense.
Finally we get to the following definition Definition 2.2 (New definition). A triple pK, w, λq is called a simplicial multifan in V . Here w :`r ms n˘Ñ R is a weight function, K is a simplicial complex which is the support of w, and λ : rms Ñ V is a characteristic function. Characteristic function satisfies˚-condition with respect to K: if I " ti 1 , . . . , i k u P K, then the vectors λpi 1 q, . . . , λpi k q are linearly independent in V .
Here K may have ghost vertices, i.e. i P rms such that tiu R K. The value of characteristic function in such vertices may be arbitrary (even zero). In the following we will not pay too much attention to ghost vertices since their presence does not affect the calculations.
Strictly speaking, the new definition is not equivalent to the old one, since we cannot restore the poset Σ and the sign function σ : Σ xny Ñ t˘1u when w takes non-integral values. Even in the integral case we cannot restore Σ uniquely. On the other hand, as was shown above, every multi-fan in the sense of old definition determines a multi-fan in the sense of new definition. We will work with the new definition most of the time.
Remark 2.3. When passing from the old definition to the new one, we may lose an important information. For example consider the multi-fan in R 2 " xe 1 , e 2 y whose maximal cones are two copies of the non-negative cone (i.e. the cone generated by basis vectors e 1 , e 2 ), and two rays are generated by e 1 and e 2 . One of the maximal cones is taken with the sign`1 and the other with the sign´1. We remark that such multi-fan corresponds to the torus manifold S 4 [7] . We have w`pt1, 2uq " w´pt1, 2uq " 1, therefore wpt1, 2uq " 0. Thus K is empty (equivalently, w :`r ms n˘Ñ R vanishes). One way to avoid such situations is to assume in the beginning that Σ itself is a simplicial complex rather than a general simplicial poset. In this case K coincides with Σ and the weight function w on K coincides with the sign function σ. In particular, w takes the value˘1 on each maximal simplex of K (see Example 2.9).
2.3. Underlying simplicial chain. Let △ rms denote an abstract simplex on the vertex set rms, and let △ pn´1q rms be its pn´1q-skeleton. Every subset I Ă rms, |I| " n may be considered as a maximal simplex of △ pn´1q rms . If I P K xny , then we can orient I as follows: we say that the order of vertices pi 1 , . . . , i n q of I is positive if and only if the basis pλpi 1 q, . . . , λpi ndetermines the positive orientation of V .
Definition 2.4. The element
wpIqI P C n´1 pK; Rq Ď C n´1 p△ pn´1q rms ; Rq is called the underlying chain of a multi-fan ∆. Here C n´1 pK; Rq denotes the group of simplicial chains of K.
Complete multi-fans.
Let us briefly recall the notion of projected multifan. We give the construction in terms of new definition of multi-fan although the similar construction may be given in terms of simplicial posets and sign functions.
Let ∆ " pK, w, λq be a simplicial multi-fan in the space V , and let I " ti 1 , . . . , i k u P K be a simplex. Let V I denote the quotient vector space V {xλpi 1 q, . . . , λpi k qy. Consider the multi-fan ∆ I " plk K I, w I , λ I q in V I defined as follows:
‚ lk K I :" tJ Ă rmszI | I Y J P Ku is the link of the simplex I in K. ‚ w I pJq :" wpI Y Jq for every J P lk K I, |J| " n´|I|. ‚ λ I pjq is the image of λpjq P V under the natural projection V Ñ V I " V {xλpi 1 q, . . . , λpi k qy. It is easily seen that λ I satisfies˚-condition. If we choose some orientation of a simplex I P K, the space V I obtains an orientation induced from V . To be precise, let us say that the basis prv 1 s, . . . , rv n´k sq determines a positive orientation of V I if the basis pv 1 , . . . , v n´k , λpi 1 q, . . . , λpi kis a positive basis of V for a chosen positive order pi 1 , . . . , i k q of vertices of I.
We call ∆ I the projected multi-fan of ∆. The construction satisfies the hereditary relation p∆ I1 q I2 " ∆ I1\I2 whenever it makes sense, and there holds ∆ ∅ " ∆.
Let us call a vector v P V generic with respect to ∆ if it is not contained in the vector subspaces spanned by the cones of ∆ of dimensions ă n. For any such v define the number d v " ř wpIq P R, where the sum is taken over all subsets I " ti 1 , . . . , i n u Ă rms such that the cone generated by λpi 1 q, . . . , λpi n q contains v.
Definition 2.5. The multi-fan ∆ is called pre-complete if d v does not depend on a generic vector v P V . In this case d v is called the degree of ∆. The multi-fan ∆ is called complete if the projected multi-fan ∆ I is pre-complete for any simplex I P K.
Remark 2.6. Note that this definition allows w to be constantly zero. We call a multi-fan zero if its weight function constantly zero. A zero multi-fan is pre-complete and therefore complete. Proposition 2.7. A multi-fan ∆ is complete if and only if its underlying simplicial chain w ch P C n´1 p△ pn´1q rms ; Rq is a cycle, that is dw ch " 0 for the standard simplicial differential d : C n´1 p△ pn´1q rms ; Rq Ñ C n´2 p△ pn´1q rms ; Rq (if n " 1, we assume that d : C 0 p△ pn´1q rms ; Rq Ñ R is the augmentation map). Proof. In the case when w takes only integral values, the statement is proved in [7, Sec.6] . If w takes only rational values, scaling the values of w by a common denominator reduces the task to the integral case. It remains to prove the statement for real-valued w. Both conditions "∆ is complete" and "dw ch " 0" determine rational vector subspaces in the space of all possible weight functions (it is not difficult to define the pre-completeness condition in terms of the "wall-crossing relations", which are linear relations on wpIq with integral coefficients). Thus the rational case implies the real case.
For convenience we summarize the discussion by the following definition.
Definition 2.8 (Complete simplicial multi-fan). A complete simplicial multifan is a pair pw ch , λq, where w ch " ř IĂrms,|I|"n wpIqI P Z n´1 p△ pn´1q rms q is a simplicial cycle on m vertices, and λ : rms Ñ V is any function satisfying the condition: tλpiqu iPI is a basis of V if |I| " n and wpIq ‰ 0.
For a complete multi-fan ∆ the corresponding homology class rw ch s P r H n´1 pK; Rq Ă r H n´1 p△ pn´1q rms ; Rq will be denoted r∆s and called the underlying homology class of ∆. Since C n p△ pn´1q rms ; Rq " 0, the groups Z n´1 p△ pn´1q rms q and r H n´1 p△ pn´1q rms q may be identified. Thus w ch and r∆s are just two different notations for the same object.
Example 2.9. One obvious way to obtain a complete multi-fan is to start with any oriented pseudomanifold K of dimension n´1 on the set of vertices rms, and take any characteristic function λ : rms Ñ V . Since K is oriented, every maximal simplex I of K becomes oriented, but this orientation may be different from the one determined by characteristic function (see subsection 2.3). Let wpIq be`1 oŕ 1 depending on whether these two orientations agree or not. Let us extend the weight function by zeroes to non-simplices of K. The corresponding simplicial chain w ch " ř I wpIqI P C n´1 p△ pn´1q rms ; Rq is closed, since it is exactly the fundamental chain of K in △ pn´1q rms . Therefore, pw ch , λq is a complete simplicial fan. Example 2.10. The previous example may be restricted to the case when K is a homology sphere or homology manifold. We will study these two cases in more detail in Section 8.
We say that ∆ is based on an orientable simplicial pseudomanifold K if the corresponding simplicial cycle is given by K.
There is one interesting feature of (complete) multi-fans revealed by Definitions 2.2 and 2.8. The multi-fans with the given set of vertices rms and the given characteristic function λ form a vector space: we may add them by adding their weights and multiply by real numbers by scaling their weights. Let MultiFans λ denote the vector space of complete multi-fans with the given characteristic function λ. This space may be identified with certain vector subspace of Z n´1 p△ pn´1q rms ; Rq. We will discuss this subspace in detail in subsection 10.3. The set of multi-fans with integral weights forms a lattice inside MultiFans λ which is a certain sublattice of Z n´1 p△ pn´1q rms ; Zq.
3. Definitions: multi-polytopes 3.1. Multi-polytopes. Let ∆ be a simplicial multi-fan with characteristic function λ : rms Ñ V . Let HP pV˚q denote the set of all affine hyperplanes in the dual vector space V˚.
For each i P rms choose an affine hyperplane Hpiq Ă V˚in the dual space which is orthogonal to the linear hull of the i-th cone. In other words, Hpiq is defined by equation Hpiq " tu P V˚| xu, λpiqy " c i u for some constant c i P R called the support parameter of Hpiq. Definition 3.1. A multi-polytope P is a pair p∆, Hq, where ∆ is a multi-fan, and H : rms Ñ HP pV˚q is a function such that Hpiq is orthogonal to λpiq for any i P rms. We say that P is based on the multi-fan ∆.
Although the definition may be stated in general, we restrict to simplicial multifans ∆, in which case P is called a simple multi-polytope.
Let us denote the set of all multi-polytopes based on ∆ by Polyp∆q. Every such multi-polytope is completely determined by its support parameters c 1 , . . . , c m . Thus Polyp∆q has natural coordinates pc 1 , . . . , c m q and may be identified with R m . This space is called the space of analogous polytopes based on ∆.
To simplify notation, we denote Hpiq by H i and set
H I is a codimension |I| affine subspace in V˚, since the normals of the hyperplanes H i , i P I are linearly independent by˚-condition. In particular, when I is a maximal simplex, I P K xny , H I is a point in V˚which is called the vertex of P .
Definition 3.2. Let ∆ be a simplicial multi-fan in V with the underlying simplicial complex K and let P be a simple multi-polytope based on ∆. Let I P K. Consider a simple multi-polytope F I " p∆ I , H I q in the space H I Ă V˚. Note that the projected multi-fan ∆ I is defined in the space V I (see subsection 2.4), so the multi-polytope based on ∆ I should formally lie in VI . Nevertheless, we may identify H I with VI . The supporting hyperplanes of F I are defined as follows: H I pjq " H I X H j for any vertex j of lk K I. The multi-polytope F I is called the face of P dual to I. and pu
We denote by C˚pIq`the cone in V˚spanned by pu I i q`'s (i P I) with apex at a vertex H I of a multi-polytope P , and by φ I the function on V˚which takes value 1 inside C˚pIq`and 0 outside (this is just a characteristic function of a subset but we want to avoid this term since it is already reserved for the function λ).
is called a Duistermaat-Heckman function associated with P .
The summands in the definition depend on the choice of a generic vector v P V . Nevertheless, the function itself is independent of v when ∆ is complete (we refer to [7] when w is integral-valued and note that the same argument works for real weights).
The function DH P for a simple multi-polytope P based on a complete multifan has the following geometrical interpretation. Let S be the realization of first barycentric subdivision of K and let G I Ă S be the dual face of I P K, I ‰ ∅, i.e. a realization of the set ttI ă I 1 ă¨¨¨ă I k u P K 1 u. If I P K xny , then G I is a point. For a given multi-polytope P based on ∆ there exists a continuous map ψ : S Ñ Vs uch that ψpG I q Ă H I for any I P K, I ‰ ∅ (in particular, when I P K xny , this map sends the point G I P S to the vertex H I of a multi-polytope P ). This map is unique up to homotopy preserving the stratifications.
Let us take any point u P V˚z Ť m i"1 H i . Then u is not contained in the image of ψ by the construction of ψ. Thus we may consider the induced map in homology:
The underlying simplicial cycle r∆s may be considered as an element of the group r H n´1 pS; Rq. Since V˚is oriented, we have the fundamental class rV˚ztuus P r H n´1 pV˚ztuu; Rq. Thus ψ˚pr∆sq " WN P puq¨rV˚ztuus, for some number WN P puq P R. This number has a natural meaning of winding number of cycle r∆s around u. It happens that this number is exactly the value of DH P at the point u P V˚(see details in [7, Sec.6] ). It is easily seen from the above consideration that DH P has a compact support when ∆ is complete. Thus in the case of complete multi-fan we may define the volume of a multi-polytope P as
with respect to some euclidean measure on V˚(in a presence of a lattice N Ă V the measure is normalized so that the fundamental domain of N˚Ă V˚has volume 1). Finally, we may consider the volume as a function on the space Polyp∆q -R m of analogous multi-polytopes. We have a function V ∆ : R m Ñ R whose value at pc 1 , . . . , c m q equals VolpP q for the multi-polytope P with the support parameters c 1 , . . . , c m . The goal of the next section is to study this function using equivariant localization ideas and prove Theorem 1.1.
Remark 3.4. Needless to say that in case of actual simple convex polytopes the notions introduced above coincide with the classical ones. If P is a simple convex polytope and ∆ is its normal fan, then DH P takes the value 1 inside P and 0 outside. The volume of P is just the usual volume. Note that even if ∆ is an actual fan, not all multi-polytopes based on ∆ are actual convex polytopes. Nevertheless, the notion of volume and Duistermaat-Heckman function have transparent geometrical meanings for all of them.
Example 3.5. Consider the two-dimensional multi-fan ∆ with m " 5 and V " R 2 depicted on Fig.1 , left. Its characteristic function is the following: λp1q " p1, 0q, λp2q " p´2, 1q, λp3q " p1,´2q, λp4q " p0, 1q, λp5q " p´1,´1q. The weight function takes the value 1 on the subsets t1, 2u, t2, 3u, t3, 4u, t4, 5u, t1, 5u and the value 0 on all other subsets. Geometrically this indicates the fact that in the multi-fan we have the cones generated by tλp1q, λp2qu, tλp2q, λp3qu, etc. with multiplicity one, and do not have the cones generated by tλp1q, λp3qu, tλp1q, λp4qu, and so on. It can be seen that every generic point of V " R 2 is covered by exactly two cones, therefore ∆ is pre-complete of degree 2. Moreover, a simple check shows that all its projected multi-fans are complete. Hence ∆ is complete. The underlying chain of ∆ has the form p1, 2q`p2, 3q`p3, 4q`p4, 5q`p5, 1q P C 1 p△ p1q r5s ; Rq which is obviously a simplicial cycle. The underlying complex K of ∆ is a circle made of 5 segments, and r∆s is its fundamental class. Figure 1 . Example of a multi-fan ∆ and a multi-polytope P based on it.
An example of a multi-polytope P based on ∆ is shown at Fig.1 , right. Each hyperplane H i is orthogonal to the linear span of the corresponding ray λpiq of ∆, i P r5s. The Duistermaat-Heckman function of P is shown on Fig.2 . The function is constant on the chambers: it takes value 2 in the middle pentagon since the multi-polytope "winds" around the points of this region twice, and takes value 1 on triangles adjacent to the central pentagon. The value of DH P in all other chambers is 0. The volume of a multi-polytope is therefore not just the volume of the five-point star: the points in the central region contribute to the volume twice.
4. Volume polynomial from the index map 4.1. Index map. Let ∆ " pw ch , λq be a simplicial multi-fan in V -R n with m rays. The characteristic function λ : rms Ñ V may be considered as a linear map λ : R m Ñ V which sends the basis vector e i P R m , i P rms to λpiq. Let tx i u iPrms be the basis of pR m q˚dual to te i u iPrms , so that pR m q˚" xx 1 , . . . , x m y. Let us also consider the adjoint map λ J : V˚Ñ pR m q˚. By definition it sends the vector u P V˚to
For any maximal simplex I " ti 1 , . . . , i n u P K xny the vectors tλpiqu iPI form a basis of V according to˚-condition, defined in subsection 2.2. Let tu I i u iPI be the dual basis of V˚. Let ι I : pR m q˚Ñ V˚be the linear map defined by Figure 2 . Duistermaat-Heckman function of the multi-polytope P .
Consider Rrx 1 , . . . , x m s, the algebra of polynomials on pR m q˚. Also let RrV˚s denote the algebra of polynomials on V˚. Both polynomial algebras are graded, where we set the degrees of the generating spaces pR m q˚and V˚to 2. The linear map ι I induces the graded algebra homomorphism
denoted by the same letter. In the following, if A is a graded algebra, we denote by A j its homogeneous part of degree j.
Let S´1RrV˚s denote the ring of rational functions over RrV˚s graded in a natural way. Given a weight function w : K xny Ñ R we can define the linear map π ∆ ! : Rrx 1 , . . . , x m s Ñ S´1RrV˚s as the following weighted sum:
. . , x m s. We assume that an inner product is fixed on V , so that | det λ I | " | detpλpiq iPI q| is well-defined even if there is no lattice in V . The inner product on V induces a euclidean measure on V˚and | det λ I | is the volume of the parallelepiped spanned by tλpiqu iPI . The translation invariant measure on V˚is assumed the same as in (3.1). The map π ∆ ! is well-defined since λ I are isomorphisms. It can be seen that π ∆ ! is homogeneous of degree´2n. It is called the index map of multi-fan ∆ " pK, w, λq. (1) The image of π ∆ ! lies in RrV˚s Ă S´1RrV˚s; (2) The underlying chain w ch " ř IPK xny wpIqI is closed; (3) The multi-fan ∆ " pw ch , λq is complete.
Proof. Equivalence of (2) and (3) was already shown in Proposition 2.7. The implication (2) ñ (1), in case when λ takes values in the lattice and w is integervalued, is proved in [7, Lm.8.4] . It should be noted that in this case | det λ I | appearing in the denominator is nothing but the order of the finite group G I " N {N I , where N Ă V is the lattice and N I is a sublattice generated by tλpiqu iPI . The situation when λ and w are rational is reduced to the integral case by multiplying all values of λ and w by a common denominator (both conditions (1) and (2) are invariant under rescaling). The real case follows by continuity. Indeed, the subset of simplicial cycles with rational coefficients, Z n´1 pK; Qq, is dense in Z n´1 pK; Rq; the right hand side of (4.2) is continuous with respect to λ and w; and the subset RrV˚s is closed in S´1RrV˚s. Therefore, arbitrary complete multi-fan pw, λq can be approximated by a sequence of rational complete multi-fans ∆ α " pw α , λ α q which implies that the values of π (1) implies (2) . Take any simplex J P K such that |J| " n´1 and consider the monomial x J " ś iPJ x j of degree 2pn´1q lying in Rrx 1 , . . . , x m s. The map π ∆ ! lowers the degree by 2n thus we have deg π
Note that ι I is a ring homomorphism and ι I px i q " 0 if i R I by (4.1). Therefore,
, where tu I i u iPI is the basis of V˚dual to the basis tλpiqu iPI of V . Consider the linear functional ̺ P V˚taking the value ̺pvq " detppλpiqq iPJ , vq for any v P V . It can be seen that | det λ I |ι I px j q P V˚, where I " J Y tju, coincides with ̺ up to sign. More precisely | det λ I |ι I px j q " rI : Js̺, where rI : Js is the incidence sign of two simplices of K (it appears because we need to permute the vectors ppλpiqq iPJ , λpjqq in order to get the positive determinant). Therefore,
It remains to notice that the sum in this expression is exactly the coefficient of J in the simplicial chain dw ch P C n´2 pK; Rq. This calculation applies to any J P K, |J| " n´2, therefore dw ch " 0.
The map λ J : V˚Ñ pR m q˚, the adjoint of λ, induces the ring homomorphism RrV˚s Ñ Rrx 1 , . . . , x m s. Hence Rrx 1 , . . . , x m s obtains the structure of RrV˚s-module. It can be checked that λ J is the right inverse of each ι I : pR m q˚Ñ V˚, therefore all ring homomorphisms ι I : Rrx 1 , . . . , x m s Ñ RrV˚s are the RrV˚s-module homomorphisms. Thus π ∆ ! is also a homomorphism of RrV˚s-modules (even in the case w ch is not closed).
Remark 4.2. Note that conditions (1) and (2) in Theorem 4.1 make sense over an arbitrary field k. We may start with a k-valued chain w ch P C n´1 pK; kq and a characteristic function valued in k n . These data allow to define the maps ι I and π ∆ ! absolutely similar to the real case.
Problem 4.3. Does equivalence of (1) and (2) in Theorem 4.1 hold for arbitrary fields?
For general fields we cannot reduce the task to the integral case but it is likely that there exists a straightforward algebraical proof.
Stanley-Reisner rings.
Let us recall the definition of the StanleyReisner ring.
Definition 4.4. Let K be a simplicial complex on the vertex set rms and k be a ground ring (either Z or a field). The Stanley-Reisner ring is the quotient of a polynomial ring by the Stanley-Reisner ideal:
endowed with the grading deg x i " 2 and the natural structure of graded krx 1 , . . . , x m smodule.
For now let us concentrate on the case k " R. Given a characteristic function λ on K we may define a certain ideal in RrKs generated by linear forms. As before, let λ J : V˚Ñ pR m q˚" xx 1 , . . . , x m y denote the adjoint map of λ : R m Ñ V . Let Θ denote the ideal of Rrx 1 , . . . , x m s generated by the image of λ J . By abuse of notation we denote the corresponding ideal in RrKs with the same letter Θ.
Let us state things in the coordinate form. Fix a basis f 1 , . . . , f n of V . Then every characteristic value λpiq, i P rms is written as a row-vector pλ i,1 , . . . , λ i,n q, where λ i,j P R. The˚-condition for λ (see subsection 2.2) states that the square matrix formed by row-vectors pλ i,1 , . . . , λ i,n q iPI is non-degenerate for any I P K xny . If we consider the dual basisf 1 , . . . ,f n in the dual space V˚, then its image under λ J : V˚Ñ pR m q˚" xx 1 , . . . , x m y has the form
for j " 1, . . . , n. Thus Θ (as an ideal either in Rrx 1 , . . . , x m s or RrKs) is generated by the elements θ 1 , . . . , θ n . In particular, if λ is integer-valued, then Θ " pθ 1 , . . . , θ n q may be considered as a well-defined ideal in ZrKs or Zrx 1 , . . . , x m s. It is known that the Krull dimension of RrKs equals dim K`1 " n (see e.g. [16] ), and θ 1 , . . . , θ n is a linear system of parameters in RrKs for any characteristic function λ and every choice of a basis in V (e.g. [4, Lm.3.3.2] ). Thus RrKs{Θ has Krull dimension 0, which in our case is equivalent to saying that RrKs{Θ is a finite-dimensional vector space. Moreover, it is known (see e.g. [7, Lm.8.1] or [1, Lm.3.5] ) that the classes of monomials x I " x i1¨. . .¨x i k taken for each simplex I " ti 1 , . . . , i k u P K linearly span RrKs{Θ (however there exist relations on these classes!).
We introduce the following notation to make the exposition consistent with that of [7] :
HT p∆; kq :" krKs, H˚p∆; kq :" krKs{Θ, and, for short, HT p∆q :" HT p∆; Rq and H˚p∆q :" H˚p∆; Rq.
Evaluation on fundamental class. Let
be a monomial whose index set ti 1 , . . . , i k u is not a simplex of K. Then ι I pxq " 0 for any I P K xny , according to (4.1) . Therefore π 
4.4.
Chern class of a multi-polytope. Let P be a multi-polytope based on a complete simplicial multi-fan ∆ " pK, w, λq of dimension n, and let c 1 , . . . , c m P R be the support parameters of P . The element
is called the first Chern class of P .
Proposition 4.6.
Proof. If λ and w are integral, the statement is proved in [7, Lm.8.6 ]. The rational case follows from the integral case by the following arguments. (1) In the rational case we may choose a refined lattice such that λ becomes integral with respect to this lattice (this would change the euclidean measure on V˚, but this change affects both sides of (4.4) in the same way). (2) A rational weight w may be turned into an integral weight by rescaling (both sides of (4.4) depend linearly on w, thus rescaling of w preserves (4.4)). Real case follows by continuity, since both sides of (4.4) depend continuously on λ and w.
It is easily seen that, for a given ∆, the expression on the right hand side of (4.4) is a homogeneous polynomial of degree n in the variables c 1 , . . . , c m :
Thus Proposition 4.6 implies Theorem 1.1.
Basic properties of volume polynomials
5.1. Partial derivatives of volume polynomial. We continue to assume that there is a fixed inner product in V which makes the integral lattice in V unnecessary. The inner product allows to identify V and V˚and to introduce a measure on each affine subspace of V or V˚. Consider the space Λ k V of exterior forms on V . Given an inner product in V we obtain an inner product on Λ k V . Suppose that every simplex I P K is oriented somehow. For a characteristic function λ : rms Ñ V on K and I " ti 1 , . . . , i k u P K let λpIq denote the skew form λpi 1 q^¨¨¨^λpi k q P Λ k V , where pi 1 , . . . , i k q is the positive order of vertices of I. Denote the norm of λpIq by covolpIq:
Recall from Section 3 the notion of a face of a multi-polytope. If P is a multipolytope of dimension n and I P K then F I is a multi-polytope of dimension n´|I| sitting in the affine subspace H I Ă V˚. There is a measure on H I determined by the inner product, hence we may define the volume of F I . The following lemma shows that we can compute the volumes of faces from the volume polynomial. 
when |J| ă n and
when |J| " n. Herec i are the support parameters of a multi-polytope P and F J are its faces.
Proof. (1) We have
The proof of second statement is completely similar to (1). We have
The second claim requires some technical work. At first, let |J| " n, i.e. J P K xny . We have
By the definition of the index map (4.2) we have
If I ‰ J, the corresponding summand vanishes, since ι I px j q " 0 for j R I by (4.1). The summand corresponding to I " J contributes wpJq | det λJ | which proves the statement.
Let us prove the case |J| ă n. Recall that the projected multi-fan ∆ J " plk K J, w J , λ J q is the multi-fan in the vector space V J " V {xλpjq | j P Jy. There exists a "restriction" map ϕ J : H˚p∆q Ñ H˚p∆ J q, defined as follows:
Here the constants p J i,j for j P J and i P lk K J are defined by
where proj J λpiq is the orthogonal projection of the vector λpiq to the linear subspace spanned by λpjq pj P Jq.
The homomorphism ϕ J is now defined on the level of polynomial algebras.
Claim 5.2. ϕ J is a well-defined ring homomorphism from H˚p∆q " RrKs{Θ to H˚p∆ J q " Rrlk K Js{Θ J .
Proof. The proof is a routine check. First let us prove that Stanley-Reisner relations in ∆ are mapped to the Stanley-Reisner ideal of ∆ J . Let I be a non-
we have that I X Vertplk K Jq is a non-simplex of lk K J (otherwise we would have I P K contradicting the assumption). Then the element ϕ J px I q " ϕ J`ś iPIXVertplkK Jq x i˘¨ϕJ`ś iPIXJ x i˘" ś iPIXVertplkK Jq x iφ J`ś iPIXJ x i˘l ies in the Stanley-Reisner ideal of lk K J.
Let us check that linear relations in H˚p∆q are mapped into linear relations of H˚p∆ J q. A general linear relation in H˚p∆q has the form ř iPrms xu, λpiqyx i for some u P V˚. The map ϕ J sends it to the element ÿ
(note that λpiq´ř jPJ p J i,j λpjq " λpiq´proj J λpiq " λ J piq is the projection of λpiq to the plane orthogonal to xλpjqy jPJ ). The last expression is zero in H˚p∆ J q.
Next we show that restriction homomorphism is compatible with the first Chern classes of the multi-polytopes.
Proof. Recall that H J denotes the ambient space of the face F J of the multipolytope P . The supporting hyperplanes of F J are given by intersections H J X H i , where H i is the supporting hyperplane of P for i P lk K J.
Let us denote by U J the subspace spanned by λpjq's pj P Jq so that V J " V {U J . By the definition (see subsection 2.4), λ J piq is the projection image of λpiq on V J if i is the vertex of lk K J. As in the proof of previous claim we identify the quotient space V J " V {U J with the orthogonal complement U K J of U J . The projected vector λ J piq can be considered as the element in V and we have (5.4) λpiq " λ J piq`proj J λpiq with respect to the orthogonal decomposition V " U K J ' U J . The affine hyperplane H i is given by tu P V˚| xu, λpiqy " c i u. The affine plane H J is given by tu P V˚| xu, λpjqy " c j , for all j P Ju. By using (5.3) and (5.4) we may write the intersection
Therefore the i-th support parameter of F J is c i´ř jPJ p J i,j c j for i P lk K J. Now it remains to note that the coefficient of x i in the projected class ϕ J pc 1 pPis exactly c i´ř jPJ p J i,j c j . Thus ϕ J pc 1 pP" c 1 pF J q. Now we prove the following
Proof. Let us denote by Vol S the volume of the parallelepiped formed by a set of vectors S. Then covolpJq " Voltλpiqu iPJ and the index map can be written as
This together with (5.5) implies the lemma.
Applying claim 5.4 to y " c 1 pP q n´|J| and using claim 5.3, we obtain
Expression at the right evaluates to
VolpFJ q covolpJq which finishes the proof of Lemma 5.1.
Corollary 5.5. Let ∆ " pw ch , λq be a complete multi-fan. Then V ∆ " 0 implies w ch " 0.
Proof. If V ∆ " 0, then B J V ∆ " 0 for any J P K xny . This implies w ch " 0.
Remark 5.6. Of course, according to Proposition 7.2 the polynomial V ∆ is non-zero if and only if the map ş ∆ is non-zero. The fact that ş ∆ is non-zero for every non-zero w ch is proved by applying this map to all monomials x I , I P K xny (recall that these monomials span H 2n p∆q). This procedure is essentially the same as applying differential operators B I to V ∆ .
Corollary 5.7. Let B P denote the linear differential operator ř iPrmsc i B i wherẽ c i are the support parameters of a multi-polytope P . Then
Proof. Both formulas follow from Lemma 5.1 and a simple observation: if Ψ P Rrc 1 , . . . , c m s k is a homogeneous polynomial of degree k, theń ÿ
(evaluation at a point coincides with the result of differentiation up to k!).
5.2.
Recovering multi-fans from volume polynomials. When we associate a volume polynomial to a complete simplicial multi-fan, the numbering of the one-dimensional cones by rms is incorporated in the data of the multi-fan. We call a multi-fan with the numbering a based multi-fan. Two based multi-fans ∆ and ∆ 1 are said to be equivalent if there is an automorphism of V which induces an isomorphism between ∆ and ∆ 1 preserving the numbering. In the presence of a lattice N Ă V there should be an automorphism of the lattice with this property. Equivalent complete simplicial based multi-fans have the same volume polynomial. We will see that the converse holds for complete simplicial based multi-fans ∆ whose underlying simplicial complexes are oriented strongly connected pseudo-manifolds. Strong connectedness of K means that for any two maximal simplices I, I
1 P K xny there exists a sequence of maximal simplices I " I 0 , I 1 , . . . , I k " I 1 such that |I s X I s`1 | " n´1 for 0 ď s ď k´1.
We assume that the volume polynomial V ∆ associated to ∆ is non-zero. Then the class r∆s is non-zero. Since K is assumed to be a pseudo-manifold, wpIq ‰ 0 for any I P K xny . Then Lemma 5.1 shows that V ∆ recovers K. Remember that (5.6)
xu, λpiqyx i " 0 in H˚p∆q for any u P V˚.
Let J P K, |J| " n´1. Since K is assumed to be a pseudo-manifold, there are exactly two elements i 1 and i 2 in rms such that J Y ti 1 u and J Y ti 2 u are in K xny . Multiplying x J " ś iPJ x i to the both sides in (5.6), we obtain ÿ jPJ xu, λpjqyx j x J`x u, λpi 1 qyx i1 x J`x u, λpi 2 qyx i2 x J " 0 for all u P V˚.
Applying ş ∆ to the above identity, we have
Since this holds for all u P V˚, one can conclude
Note that the numbers ş ∆ x i1 x J and ş ∆ x i2 x J are non-zero. Identity (5.7) shows that once basis vectors tλpiqu iPI for some I P K xny are determined, then the other vectors λpkq's will be determined by the intersection numbers ş ∆ x I where I consists of elements in rms with |I| " n (an element in I may appear more than once). On the other hand, since
the coefficient of c I agrees with ş ∆ x I up to some non-zero constant independent of ∆. These show that V ∆ determines ∆ up to equivalence. Proof. This follows from the above observation and the fact that two toric varieties are isomorphic if and only if their fans are isomorphic [3] 1 .
A formula for the volume polynomial
We say that the set S of n`1 vectors in V -R n is in general position, if any n of them are linearly independent. Any such set determines a multi-fan whose underlying simplicial complex is a boundary of a simplex K " B△ rn`1s . The weights of all maximal simplices are the same up to sign due to closedness condition dw ch " 0. Thus without loss of generality we may assume that all weights are˘1 depending on the orientations. We call such multi-fan an elementary multi-fan and denote it ∆ el pSq.
Lemma 6.1. Let ∆ be an elementary multi-fan determined by the vectors λp1q, . . . , λpn1 q P V . Let 0 ‰ pα 1 , . . . , α n`1 q P R n`1 be a nonzero linear relation on these vectors, i.e. ř n`1 i"1 α i λpiq " 0. Then (6.1)
for some constant const.
We postpone the proof to subsection 8.3.
Remark 6.2. It is not difficult to compute the constant: just apply the differential operator B J for J Ă rn`1s, |J| " n to both sides of (6.1) and use Lemma 5.1. However, we do not need this constant at the moment and ignore it to simplify the exposition.
Theorem 6.3. Let ∆ " pw ch , λq be a complete multi-fan. Let v P V be a generic vector. Then (6.2)
where α I,1 , . . . , α I,n are the coordinates of v in the basis pλpi 1 q, . . . , λpi n qq, and wpIq is the weight.
Proof. We derive a more general family of formulas, and (6.2) will be a particular case. Let rm 1 s be a set containing rms and let
∆ is considered as a multi-fan on rm 1 s. Volume polynomial is additive, thus we get
Therefore, any simplicial chain whose boundary is w ch gives a formula for the volume polynomial. Now let us consider the particular case, namely, the cone over w ch . Let rm 1 s " rms \ tru and set ηprq " v, for a generic vector v P V . So the phrase "v is a generic vector" means that the set λpIq \ tvu is in general position for any I Ă rms such that |I| " n and wpIq ‰ 0. The function z on the cone is defined in an obvious way: zpI \ truq :" wpIq.
Relation (6.3) and Lemma 6.1 imply
..,inuĂrms const¨wpIq¨pα I,1 c i1`¨¨¨`αI,n c in`βI c r q n .
The tuple pα I,1 , . . . , α I,n , β I q is a linear relation on the vectors λpi 1 q, . . . , λpi n q, v. Therefore we may assume that β I "´1 and pα I,1 , . . . , α I,n q are the coordinates of v in the basis λpi 1 q, . . . , λpi n q. Left hand side of (6.4) does not depend on c r (it is a redundant support parameter), therefore we may put c r " 0:
To compute the constants A I take any J " tj 1 , . . . , j n u P K and apply the differential operator B J " B Bcj 1¨.
. .¨B Bcj n to the identity (6.5). On the left we have Remark 6.4. Note that the formula (6.2) can be applied to compute the volume of a simple convex polytope in the case when the polytope is described as the intersection of half-spaces with the given equations. In this case the formula is known as Lawrence's formula [8] . It has found applications in explicit volumes' calculations.
Example 6.5. Consider the standard fan ∆ of CP 2 , generated by the vectors λp1q " p1, 0q, λp2q " p0, 1q, λp3q " p´1,´1q. Take the generic vector v " p1, 2q.
We have v " λp1q`2λp2q " λp2q´λp3q "´2λp3q´λp1q. Theorem 6.3 implies
This expression equals 1 2 pc 1`c2`c3 q 2 . The same expression is given by Lemma 6.1.
Example 6.6. Consider the normal fan of the standard n-cube. The underlying simplicial complex is isomorphic to the boundary of cross-polytope. Let t1, . . . , n,´1, . . . ,´nu be its set of vertices, so the maximal simplices have the form t˘1, . . . ,˘nu. We have λp˘iq "˘e i . Take the generic vector v " e 1`¨¨¨`en . Then Theorem 6.3 implies
On the other hand, we have V ∆ " ś i pc i`c´i q by geometrical reasons. Indeed, the polytope dual to ∆ is the brick with sides tc i`c´i u iPrns . By setting c´i " 0 for each i we get the identity (6.6)
where c I " ř iPI c i . This identity is well known as discrete polarization identity. Remark 6.7. The proof of Theorem 6.3 implies the following consideration. Take two simplicial n-chains z ch,1 , z ch,2 P C n p△ rms ; Rq endowed with functions η 1 , η 2 : rms Ñ R n such that η ǫ pJq is in general position for any simplex J of the chain z ch,ǫ , ǫ " 1, 2. Assume that dz ch,1 " dz ch,2 and the functions η 1 , η 2 agree on the vertices of the boundary. Then the volume polynomial of the multi-fan ∆ " pdz ch,1 , η 1 q " pdz ch,2 , η 2 q can be expressed by two formulas: ÿ J"pj1,...,jn`1qĂrm 1 s
We may take a difference of the left and right parts and summarize as follows. Let us take any closed simplicial n-chain z ch , dz ch " 0, on the vertex set rm 1 s, and endow it with a function η : rm 1 s Ñ R n which is in general position on any simplex J of the chain. Then we get an identity ÿ J"pj1,...,jn`1qĂrm 1 s const¨zpJqpα J,1 c j1`¨¨¨`αJ,n`1 c jn`1 q n " 0 (the constants may be computed by the same method as we used previously). This seems to be a quite general way to construct algebraical identities from geometrical data. This idea can be illustrated by a simple identity obtained in Example 6.5:
This identity is induced by the schematic picture shown on Fig.3 . Note that the
B¨p´1
,´1q p1, 0q Figure 3 . Two simplicial chains with vector functions having the same boundary last step in the proof of Theorem 6.3 was to specialize c 4 " 0, but even without this specialization the identity holds true.
7. Poincare duality algebra of a multi-fan 7.1. Poincare duality algebras.
Definition 7.1. Let k be a field. Let A˚" À n j"0 A 2j be a finite-dimensional graded commutative k-algebra such that ‚ there exists an isomorphism ş
Then A is called a Poincare duality algebra of formal dimension 2n.
Let B i " B Bci , i P rms be the differential operator acting on the ring of polynomials Rrc 1 , . . . , c m s in a standard way. For a subset I Ă rms let B I denote the product ś iPI B i . Consider the algebra of differential operators with constant coefficients D :" RrB 1 , . . . , B m s. It will be convenient to double the degree, so we assume deg B i " 2, i P rms (while still assuming that deg c i " 1). For any non-zero homogeneous polynomial Ψ P Rrc 1 , . . . , c m s of degree n we may consider the following ideal in D:
It is not difficult to check that the quotient D{ Ann Ψ is a Poincare duality algebra of formal dimension 2n (see [20, Prop.2.5.1]), where the "integration map" assigns the number DΨ P R to any differential operator of rank n (i.e. of formal degree 2n in our setting).
It happens that every Poincare duality algebra generated by degree two can be obtained by this construction as the following proposition shows. Proposition 7.2. Suppose char k " 0 and let krms " krx 1 , . . . , x m s be a polynomial ring, where deg x i " 2. Then the following three sets of objects are naturally equivalent:
(1) Poincare duality algebras A˚of formal dimension 2n which are the quotients of the polynomial ring krms; (2) Non-zero homogeneous polynomials Ψ P krc 1 , . . . , c m s of degree n (where deg c i " 1) up to multiplication by a non-zero constant; (3) Non-zero linear maps ş : krms 2n Ñ k up to multiplication by a non-zero constant.
Proof. We give a very brief sketch of the proof. For details the reader is referred to the monograph [11] which, among other things, describes the case char k ‰ 0 (for general fields instead of a polynomial Ψ one should take an element of divided power algebra). Also we would like to mention that an equivalence of (1) and (2) is a manifestation of the well-known phenomenon called Macaulay duality (or its extended version, Matlis duality).
(1)ñ(3). Let A˚-krms{I be a Poincare duality quotient of the ring of polynomials. Then we have a linear isomorphism ş
is the required linear map. (3)ñ(1). Given a linear map ş : krms 2n Ñ k we may define a pairing krms 2p b krms 2n´2p Ñ k by a b b Þ Ñ ş a¨b. This pairing is degenerate and we define its kernel:
It is easy to check that W˚Ă krms is an ideal and krms{W˚is a Poincare duality algebra. (3)ñ(2). We construct a polynomial Ψ in c 1 , . . . , c m by
This polynomial is non-zero. Indeed, krms 2n is additively generated by the monomials of degree n in the variables x i . Each monomial can be expressed as a linear combination of expressions of the form pc 1 x 1`¨¨¨`cm x m q n for some constants c i as follows from the polarization identity (see (6.6) in Example 6.6 below). Thus expressions of the form pc 1 x 1`¨¨¨`cm x m q n linearly span krms 2n and therefore, since ş is non-zero, the polynomial Ψ is not a constant zero as well. The same arguments can be used to prove that there is a one-to-one correspondence between Poincare duality quotients of formal dimension 2n of an algebra Bå nd the non-zero linear functionals on the linear space B 2n . For this correspondence we do not need the assumptions that B is generated by degree 2 and char k " 0. This motivates the following definition.
be a graded commutative k-algebra and suppose that for some n ą 0 a non-zero linear map ş : B 2n Ñ k is given. The corresponding Poincare duality quotient of B˚, i.e. the algebra
is denoted by PDpB˚, ş q and called Poincare dualization of B˚(w.r.t. ş ).
Lemma 7.4. Consider two algebras B1 , B2 with the given non-zero linear maps ş . Then ϕ induces an isomorphism PDpB1 ,
Proof. From the surjectivity of ϕ it easily follows that the kernel W1 of the intersection pairing in the first algebra maps to the kernel W2 of the second algebra. Thus the homomorphism r ϕ : PDpB1 , ş
q is well defined. Obviously it is surjective. Let us prove that r ϕ is injective. The map r ϕ is an isomorphism in degree 2n. Suppose that r ϕpaq " 0 for some 0 ‰ a P PDpB1 , ş 1 q 2p . By the definition of Poincare duality algebra, there exists b P PDpB1 , ş 1 q 2n´2p such that ab ‰ 0. But then we have r ϕpabq " r ϕpaq r ϕpbq " 0 which gives a contradiction.
In the following let A˚pΨq " D{ Ann Ψ denote the Poincare duality algebra corresponding to the homogeneous polynomial Ψ of degree n. According to the constructions mentioned in the proof of Proposition 7.2, this Poincare duality algebra is also isomorphic to A˚pV ∆ q " D{ Ann V ∆ , where V ∆ is the volume polynomial. Remark 7.6. The constructions above show that there is a ring epimorphism from H˚p∆q -RrKs{Θ to A˚p∆q -PDpH˚p∆q, ş ∆ q, sending x i to B i for each i P rms. Therefore A˚p∆q can be considered as a quotient of H˚p∆q, and all the relations in RrKs{Θ are inherited by A˚p∆q. We have
. . , n (Linear relations).
This proves points 1 and 2 of Lemma 5.1 in a more conceptual way.
8. Structure of multi-fan algebra in particular cases 8.1. Ordinary fans. As was mentioned in the introduction, when ∆ is a normal fan of a simple convex polytope P , the construction of the algebra A˚p∆q " D{ Ann V ∆ was introduced by Timorin in [20] . In this case the underlying simplicial complex of ∆ is a sphere and the weight function takes value`1 on all maximal simplices of K. Using purely combinatorial and geometrical considerations Timorin proved that A˚p∆q -RrKs{Θ. This means, in particular, that the dimension
2i p∆q is equal to h i , the h-number of K (see the definition below). The developed technique is applied to prove that A˚p∆q is a Lefschetz algebra, meaning that there exists an element ω P A 2 p∆q such that
is an isomorphism for each k " 0, . . . , rn{2s. In particular this implies that the distribution of h-numbers of convex simplicial spheres is unimodal, i.e.
h 0 ď h 1 ď¨¨¨ď h rn{2s " h n´rn{2s ě¨¨¨ě h n´1 ě h n .
According to Timorin's result, Lefschetz element ω may be chosen in the form c 1 pP q " c 1 B 1`¨¨¨`cm B m P A 2 p∆q where P is any convex simple polytope with the normal fan ∆ and c 1 , . . . , c m are its support parameters.
For complete non-singular fans the algebra A˚r∆s -RrKs{Θ coincides with the cohomology algebra H˚pX ∆ ; Rq of the corresponding toric variety. It was the original observation of Stanley [18] , that in the case when a fan ∆ is polytopal, the corresponding complete toric variety X ∆ is projective, therefore there exists a Lefschetz element in its cohomology ring according to hard Lefschetz theorem. After Stanley's work, several approaches were developed to prove the existence of Lefschetz elements in elementary terms, i.e. without referring to hard Lefschetz theorem. These approaches include in particular McMullen's construction of the polytope algebra [9] , the approach based on continuous piece-wise polynomial functions [2] , and Timorin's construction based on the volume polynomial and differential operators [20] .
We will see that ordinary fans are not the only examples of multi-fans for which the structure of A˚p∆q can be explicitly described. On the other hand, A˚p∆q is always a Poincare duality algebra, so it is natural to ask if it is Lefschetz (or at least if the dimension vector pd 0 , d 1 , . . . , d n q is unimodal). Later we will show that this is not true in general, see Theorem 10.1.
Combinatorial preliminaries.
For now we concentrate on multi-fans based on oriented pseudomanifolds as described in Example 2.9. Let K be a pure simplicial complex of dimension n´1 on the vertex set rms.
Let f j denote the number of j-dimensional simplices of K for j "´1, 0, . . . , n1 , in particular we assume that f´1 " 1 (this reflects the fact that the empty simplex formally has dimension´1). The h-numbers of K are defined by the formula:
where t is a formal variable. Let r β j pKq denote the reduced Betti number dim r H j pKq of K. The h 1 -and h 2 -numbers of K are defined by the formulas
or 0 ď j ď n´1, and h 2 n " h 1 n . The sum over an empty set is assumed zero.
Homology spheres.
Definition 8.1. K is called Cohen-Macaulay (over k), if r H j plk K I; kq " 0 for any I P K and j ă dim lk K I " n´1´|I|. If, moreover, r H n´1´|I| plk K I; kq -k for any I P K, then K is called Gorenstein* or (generalized) homology sphere.
The famous theorems of Reisner and Stanley (the reader is referred to the monograph [16] ) tell that whenever K is Cohen-Macaulay (resp. Gorenstein*), its Stanley-Reisner algebra krKs is Cohen-Macaulay (resp. Gorenstein).
Given a characteristic function λ : rms Ñ V -R n we obtain a linear system of parameters θ 1 , . . . , θ n P RrKs. It generates an ideal which we denoted by Θ Ă RrKs in subsection 4.2. In Cohen-Macaulay case every linear system of parameters is a regular sequence. This implies [16] :
If K is a homology sphere, then RrKs is Gorenstein. Thus its quotient by a linear system of parameters RrKs{Θ is a Gorenstein algebra of Krull dimension zero. This implies that RrKs{Θ is a Poincare duality algebra [11, Part 1] . Now let ∆ be a complete multi-fan based on a homology sphere K. We have the ring epimorphism RrKs{Θ Ñ A˚p∆q (see Remark 7.6). Since both algebras have Poincare duality, it is an isomorphism (see Lemma 7.4) . This proves the following Theorem 8.2. Let ∆ be a complete multi-fan based on a homology sphere K. Then A˚p∆q -RrKs{Θ. It follows that dim A 2j p∆q " h j , the h-number of K.
Note that Poincare duality implies the well-known Dehn-Sommerville relations for homology spheres: h j " h n´j .
We are in position to prove Lemma 6.1 which states that the volume polynomial of an elementary multi-fan ∆ on the vectors λpiq P V pi " 1, . . . , n`1q, is equal, up to multiplicative constant, to p ř n`1 i"1 α i c i q n , where pα 1 , . . . , α n`1 q is a linear relation on λpiq's.
Proof of Lemma 6.1. The underlying simplicial complex of ∆ is the boundary of a simplex, which is a sphere. Therefore, by Theorem 8.2 we have A˚p∆q -RrB△ rn`1s s{Θ. Hence the ideal Ann V ∆ Ă RrB 1 , . . . , B n`1 s is generated by ś n`1 i"1 B i (Stanley-Reisner relation) and linear differential operators θ j " ř n`1 i"1 λ i,j B i for j " 1, . . . , n. Here pλ i,j q n j"1 are the coordinates of the vector λpiq for each i " 1, . . . , n`1. Since ř n`1 i"1 α i λpiq " 0 we have a linear relation ř n`1 i"1 α i λ i,j " 0 for each j " 1, . . . , n. Now it is easy to check that the differential operators ś n`1 i"1 B i and θ j " ř n`1 i"1 λ i,j B i , j " 1, . . . , n annihilate the polynomial pα 1 c 1`¨¨¨`αn`1 c n`1 q n . Thus, according to Proposition 7.2, V ∆ coincides with pα 1 c 1`¨¨¨`αn`1 c n`1 q n up to constant.
Homology manifolds.
Definition 8.3. K is called Buchsbaum (over k), if r H j plk K I; kq " 0 for any I P K, I ‰ ∅ and j ă dim lk K I " n´1´|I|. If, moreover, r H n´1´|I| plk K I; kq -k for any I P K, I ‰ ∅, then K is called a homology manifold. K is called an orientable homology manifold if r H n´1 pK; Zq -Z.
The difference from the Cohen-Macaulay case is that there are no restrictions on the topology of K " lk K ∅ itself. Similar to Cohen-Macaulay property, the term "Buchsbaum" indicates that the corresponding algebra krKs is Buchsbaum (the result of Schenzel [15] ). In Buchsbaum case linear system of parameters is no longer a regular sequence. Nevertheless, Buchsbaum complexes are extensively studied. First, Schenzel's theorem [15] tells that if K is a Buchsbaum complex, then dimpkrKs{Θq 2j " h 1 j for j " 0, . . . , n and the h 1 -numbers determined by (8.2) . Second, there is a theory of socles of Buchsbaum complexes introduced by Novik and Swartz [12] which we briefly review next.
Let M be a module over the graded polynomial ring krms :" krx 1 , . . . , x m s. The socle of M is the following subspace Soc M :" ta P M | a¨krms`" 0u.
which is obviously a krms-submodule of M.
If K is Buchsbaum, then there exists a submodule I N S Ă SocpkrKs{Θq such that
where the right hand side means the direct sum of`n j˘c opies of r H j´1 pK; kq. Moreover, the result of [13] tells that whenever K is an orientable connected homology manifold, then I N S coincides with SocpkrKs{Θq and the quotient In this case Poincare duality implies the well-known generalized Dehn-Sommerville relations for oriented homology manifolds: h 2 j " h 2 n´j (see [12] and references therein). 8.5. General situation. Let ∆ be an arbitrary complete multi-fan. In the largest generality we do not have a combinatorial description for the dimensions of graded components of the multi-fan algebra.
Conjecture 8.5. Let w ch be a simplicial cycle, λ : rms Ñ V a characteristic map, and ∆ " pw ch , λq the corresponding complete multi-fan. The numbers d j " dim A 2j p∆q do not depend on λ.
Geometry of multi-polytopes and Minkowski relations
Here we give another proof of Theorem 8.4 which shows the geometrical nature of the elements lying in the socle of RrKs{Θ when K is an oriented homology manifold. It relates on explicit computations in coordinates but reveals an interesting connection with the Minkowski type relations, appearing in convex geometry. Recall the basic Minkowski theorem on convex polytopes.
Theorem (Minkowski).
(1) (Direct) Let P be a convex full-dimensional polytope in euclidian space R n . Let V 1 , . . . , V m be the pn´1q-volumes of facets of P and n 1 , . . . , n m be the outward unit normal vectors to facets. Then
(2) (Inverse). Let n 1 , . . . , n m be the vectors of unit lengths, spanning R n , and let V 1 , . . . , V m be positive numbers satisfying the Minkowski relation. Then there exists a convex polytope P whose facets have outward normal vectors n i and volumes V i . Such polytope is unique up to parallel shifts. (1) is fairly simple. The direct Minkowski theorem has a straightforward generalization.
Usually only part (2) is called Minkowski theorem, since part
Theorem 9.1. Let ř s a s Q s be a collection of k-dimensional multi-polytopes in euclidian space R n , forming a closed orientable cycle. Let VolpQ s q be the k-volume, and ν s P Λ n´k R n be the unit normal skew form of the multi-polytope Q s . Then there holds a relation ř s a s VolpQ s qν s " 0 in Λ n´k R n .
In the next subsection we explain the precise meaning of the terms used in the statement and give the proof.
9.1. Cycles of multi-polytopes. As before, V˚-R n denotes the ambient affine space of n-dimensional polytopes, coming with fixed orientation. Let k ď n and let Π be an oriented k-dimensional affine subspace of V˚. Let Q be a kdimensional multi-polytope in Π. Then Q will be called a k-dimensional multipolytope in V˚.
First let k ą 0. Denote by GMP k the group (or a vector space over R) freely generated by all k-dimensional multi-polytopes in V˚, where we identify the element Q (i.e. Q with reversed orientation of the underlying subspace) and´Q. If k " 0, the multi-polytope is just a point with weight. In this case let GMP 0 denote the group of formal sums of points whose weights sum to zero. Formally set GMP´1 " 0. Define the differential d : GMP k Ñ GMP k´1 by setting dQ :" ÿ 2. An element A " ř s a s Q s P GMP k which satisfies dA " 0 is called a cycle of k-dimensional multi-polytopes.
As in Section 5, assume that there is a fixed inner product in V . This allows to define the inner product on the skew forms. In particular, if Π is an oriented affine k-subspace in V˚-V , we may define its unit normal skew form ν Π P Λ n´k V as the unique element of Λ n´k Π K -R which corresponds to the positive orientation of Π K and satisfies }ν Π } " 1. It is easy to see that if dim Π " n´1, the form ν Π is just the positive unit normal vector to Π.
Let us prove Theorem 9.1.
Proof. The idea of proof is straightforward and quite similar to the proof of classical Minkowski theorem: at first we prove the case k " n, then reduce the general case to the case k " n by projecting ř s a s VolpQ s qν s to all possible ksubspaces. Note that the case n " 0 should be treated separately, but in this case the statement is trivial.
(1) Suppose k " n. Then all multi-polytopes Q s are full-dimensional. Their underlying subspaces Π s coincide with V up to orientation. Without loss of generality assume that all orientations coincide with that of V . Normal skew forms lie in Λ 0 V -R and are equal to 1. Hence we need to prove that ř a s VolpQ s q " 0 for any cycle of n-multi-polytopes. Recall the wall-crossing formula [7, Lemma 5.3 
]:
Lemma 9.3. Let P be a multi-polytope and H " H i be one of the supporting hyperplanes: H " H i . Let u α and u β be elements in V˚z Ť m i"1 H i such that the segment from u α to u β intersects the wall H transversely at µ, and does not intersect any other H j ‰ H. Then
where F i is the facet of P , and DH Fi : H i Ñ R is its Duistermaat-Heckman function.
Consider a cycle of multi-polytopes A " ř l s"1 a s Q s . Let H denote the set of all supporting hyperplanes of all polytopes Q s , s " 1, . . . , l. We have a function
Let us choose a hyperplane H P H and two points u α and u β in V˚z Ť HPH H such that the segment from u α to u β intersects the wall H transversely at µ and does not intersect any other wall from H. Let us sum the differences DH P pu α q´DH P pu β q taken with coefficients a s over all multi-polytopes Q s for which H is a supporting hyperplane. Since dA " 0, Lemma 9.3 implies that this sum is zero. Obviously, this sum equals DH A pu α q´DH A pu β q.
This argument shows that crossing of any wall does not change the value of DH A . Therefore, DH A is constant (where it is defined). Since DH A has compact support, it must be constantly zero. Thus ÿ a s VolpQ s q "
(2) Let us prove the theorem for general k. Consider a generic oriented ksubspace Π Ă V˚and let ν P Λ n´k V˚be its normal skew form. Let Γ : V˚Ñ Π be the orthogonal projection. Then the image of Q s under Γ is a full-dimensional multi-polytope in Π, which we denote by ΓpQ s q. The sum ř l s"1 a s ΓpQ s q is a cycle of k-dimensional multi-polytopes in Π. Therefore, step (1) implies
By the standard property of orthogonal projections we have VolpΓpQ s" VolpQ s q¨xν s , νy.
and this holds for any generic skew form ν. Thus ř l s"1 a s VolpQ s qν s " 0 which was to be proved.
Relations in
A˚p∆q as Minkowski relations. Let K be an oriented homology pn´1q-manifold and ∆ be a multi-fan based on K. Suppose that every simplex I P K is oriented somehow. This defines an orientation of each subspace H I " Ş iPI H i (for example, by the rule "positive orientation of H i "'λpi 1 q '¨¨¨' λpi k q is a positive orientation of V if pi 1 , . . . , i k q is a positive order of vertices of I). Recall from Section 5 that λpIq denotes the skew form Ź iPI λpiq and covolpIq " }λpIq}. Consider an arbitrary skew form µ P Λ k V˚and let λpIq µ :" xλpIq, µy.
Let C k pK; Rq, 0 ď k ď n´1 denote the group of cochains on K and δ : C k pK; Rq Ñ C k`1 pK; Rq be the standard cochain differential. We also need to augment the cochain complex in the top degree, so we formally set C n pK; Rq :" R and let δ : C n´1 pK; Rq Ñ C n pK; Rq be the evaluation of a cochain on the fundamental chain of K.
An element a P C k´1 pK; Rq, k ď n will be called a (coaugmented) cocycle if δa " 0. Then, since K is an oriented manifold, the Poincare dual ř I:|I|"k apIqF I of a is a cycle of pn´kq-dimensional multi-polytopes in V˚. (Notice that in the case k " n we get a formal sum of points whose weights sum is zero. If we do not require that a is coaugmented, then we do not get a cycle of 0-dimensional multi-polytopes).
Proposition 9.4. For any coaugmented cocycle a P C k´1 pK; Rq and any µ P Λ k V there exists a relation ÿ
N S . Proof. Let us apply ř I:|I|"k apIqλpIq µ B I to the volume polynomial V ∆ and evaluate the result at a pointc " pc 1 , . . . , c m q: ÿ
Here we used Lemma 5.1. Note that the skew form λpIq{ covolpIq is by definition a unit normal skew form to the ambient subspace of a multi-polytope F I . Since ř I:|I|"k apIqF I is a cycle of multi-polytopes, Theorem 9.1 implies ÿ
Taking inner product with µ implies ÿ
Hence the polynomial ř I:|I|"k apIqλpIq µ B I V ∆ evaluates to zero at any pointc. Therefore it vanishes as a polynomial. Thus ř I:|I|"k apIqλpIq µ B I P Ann V ∆ which proves the statement.
We see that Minkowski theorem allows to construct linear relations in A˚p∆q. Actually these relations exhaust all relations in A˚p∆q. Let us state the result of [1] in terms of Minkowski relations:
(1) There is an isomorphism of vector spaces
where a runs over all exact pk´1q-cochains on K and µ runs over
There is an isomorphism of vector spaces
where a runs over all coaugmented closed pk´1q-cochains on K and µ runs over Λ k V .
Recall that pI N S q 2k -`n k˘H k´1 pK; Rq. From Proposition 9.5 it can be seen that the difference between the vector spaces RrKs{Θ and pRrKs{Θq{I ă2n N S arises from the difference between closed cochains on K and exact cochains. This explains how the cohomology H k´1 pKq appears in the description of I N S . The multiple`n kc omes from the choice of the skew form µ P Λ k V on which we project the Minkowski relation.
Problem 9.6. Let ∆ be a general complete simplicial multi-fan. Is it true that A˚p∆q is isomorphic, as a vector space, to the quotient of xx I | I P Ky by linear relations arising from Minkowski relations? What are these Minkowski relations?
9.3. Inverse Minkowski theorem. It is tempting to formulate and prove the inverse Minkowski theorem for multi-polytopes. First, we need to modify the statement. The original formulation tells that there exists a convex polytope with the given normal vectors and the volumes of facets, but it tells nothing about the combinatorics of the polytope. We may ask a more specific question, namely Question 9.7. For a given complete simplicial multi-fan ∆ with the rays generated by unit vectors n 1 , . . . , n m , and a given m-tuple of real numbers V 1 , . . . , V m satisfying ř V i n i " 0, does there exist a multi-polytope based on ∆ whose facets have pn´1q-volumes V 1 , . . . , V m ? If yes, is it unique?
A simple example shows that the answer, even for the question of existence, may be negative.
Example 9.8. Let ∆ be the normal fan of a 3-dimensional cube. ∆ is an ordinary fan supported by a simplicial complex K, which is the boundary of an octahedron. Let t1, 2, 3,´1,´2,´3u be the set of vertices of K and λp˘1q " p˘1, 0, 0q, λp˘2q " p0,˘1, 0q, λp˘3q " p0, 0,˘1q be the generators of the corresponding rays of ∆ (see Example 6.6). The multi-polytopes based on ∆ are the bricks with sides parallel to coordinate axes. Minkowski relations can be written as VolpF i q " VolpF´iq for i " 1, 2, 3. Let us take the numbers V˘1 " 0, V˘2 " V˘3 " 1. These numbers satisfy Minkowski relations, but we cannot find a brick whose facets have volumes V˘1, V˘2, V˘3. Indeed, V˘1 " 0 implies that one of the sides of a brick has length 0, but this would imply that either V˘2 " 0 or V˘3 " 0.
Nevertheless, the answer to Question 9.7 is completely controlled by the multifan algebra. Recall that A˚p∆q may be interpreted as the algebra of differential operators D up to AnnpV ∆ q. Therefore, for every a P A 2j p∆q, there is a well-defined homogeneous polynomial aV ∆ of degree n´j. In particular, each element a P A 2n´2 p∆q determines a linear homogeneous polynomial aV ∆ " V 1 c 1`¨¨¨`Vm c m P Rrc 1 , . . . , c m s 1 . This linear polynomial is annihilated by θ j " ř iPrms λ i,j B j P Ann V ∆ , j " 1, . . . , n, see Lemma 5.1 or Remark 7.6. This means Theorem 9.9. Let ∆ be a complete simplicial multi-fan with characteristic function λ and assume that |λpiq| " 1 for each i P rms. Let V " pV 1 , . . . , V m q P Mink. Let P P Polyp∆q be a multi-polytope and B P " c 1 B 1`¨¨¨`cm B m P A 2 p∆q be its first Chern class. Then the polytope P has facet volumes V 1 , . . . , V m if and only if ηpB n´1 P q " pn´1q!V .
Proof. Assume that ηpB 
Thus V i " VolpF i q. The other direction is proved similarly.
Note that dim Mink " m´n.
Corollary 9.10. Existence in Question 9.7 holds for a given multi-fan ∆ and all m-tuples pV 1 , . . . , V m q P Mink if and only if the following two conditions hold:
(1) dim A 2 p∆q " dim A 2n´2 p∆q " m´n; (2) the power map A 2 p∆q Ñ A 2n´2 p∆q, B Þ Ñ B n´1 is surjective.
Uniqueness holds if the power map is bijective.
Remark 9.11. Note that even the condition dim A 2 p∆q " m´n may fail to hold. As an example, consider a multi-fan having a ghost vertex, say 1. As in general, we have n relations θ 1 , . . . , θ n , lying in the kernel of the linear map xB 1 , . . . , B m y ։ A 2 p∆q. But the element B 1 , corresponding to the ghost vertex, also vanishes in A 2 p∆q. Thus dim A 2 p∆q ă m´n. There exist more nontrivial examples. For example, if the underlying simplicial complex K is disconnected, with connected components K 1 , . . . , K r on disjoint vertex sets rm 1 s, . . . , rm r s, r ą 1, then each connected component contributes at most m 1´n in the total dimension of A 2 p∆q (see the operation of connected sum of Poincare duality algebras introduced in subsection 11.1). Thus in the disconnected case dim A 2 p∆q ď m´rn. Nevertheless, the inverse Minkowski theorem can be refined in an obvious way: we should consider Minkowski relations on each connected component.
Remark 9.12. The power map A 2 p∆q Ñ A 2n´2 p∆q is a polynomial map of degree n´1 between real vector spaces of equal dimensions. It is a complicated object which may be interesting on its own. One of the consequences from Corollary 9.10 is that the existence in the inverse Minkowski theorem holds for a multi-fan ∆ whenever dim A 2 p∆q " m´n and n is even.
Recognizing volume polynomials and multi-fan algebras
A natural question is: which homogeneous polynomials are the volume polynomials, and which Poincare duality algebras appear as A˚p∆q? The answer to the second question seems quite unexpected.
Theorem 10.1. For every Poincare duality algebra A˚generated in degree 2 there exists a complete simplicial multi-fan ∆ such that A˚-A˚p∆q.
Recall that the symmetric array of nonnegative integers
Corollary 10.2. There exist multi-fans ∆, for which the array
is not unimodal.
Proof. An example of Poincare duality algebra generated in degree 2, for which dimensions of graded components are not unimodal was given by Stanley in [19] . Theorem 10.1 implies that there exists a multi-fan, which produces this algebra.
The construction of the volume polynomial is additive with respect to weights. Let MultiFans λ denote the vector space of all multi-fans with the given characteristic function λ : rms Ñ V . Then we obtain a linear map 
Characterization of volume polynomials in general position.
There is a necessary condition on V ∆ . If λ is a characteristic function and θ j " ř iPrms λ i,j B i P xB 1 , . . . , B m y, j " 1, . . . , n are the corresponding linear forms, then θ j V ∆ " 0, see Remark 7.6. Thus the subspace
has dimension at least n. It happens that in most situations this is also a sufficient condition for a polynomial to be a volume polynomial. At first let us consider the situation of general position to demonstrate the argument. Assume that all characteristic vectors λp1q, . . . , λpmq P R n are in general position, which means that every n of them are linearly independent. Given a fixed characteristic function λ : rms Ñ V in general position, we may pick up any simplicial cycle w ch P Zp△ pn´1q rms ; Rq, consider a complete multi-fan ∆ " pw, λq and take its volume polynomial. This defines a map which we previously denoted by Ω λ : Let G m,n denote the Grassmann manifold of all (unoriented) n-planes in pR m q˚. We can introduce the standard Plücker coordinates on G m,n . If
is a basis in L P G m,n , then the Plücker coordinates of L are all maximal minors of the mˆn matrix pλ i,j q.
Any n-plane L P G m,n determines an m-tuple of vectors in V -R n as follows: the basis (10.3) determines the tuple tλpiq " pλ i,1 , . . . , λ i,n qu iPrms . The base change in L induces the natural action of GLpn, Rq on the m-tuples. By abuse of terminology we call λ : rms Ñ V the characteristic function corresponding to L P G m,n although this characteristic function is determined only up to automorphism of V .
Proposition 10.4. Let Ψ P Rrc 1 , . . . , c m s n be a homogeneous polynomial. Suppose that the vector subspace Ann 2 Ψ " tD P xB 1 , . . . , B m y | DΨ " 0u contains an n-dimensional subspace L P G m,n with all Plücker coordinates non-zero. Then Ψ is a volume polynomial of some multi-fan.
Proof. Let us pick a basis tθ j " ř i λ i,j x i u j"1,...,n in L arbitrarily. Nonvanishing of all Plücker coordinates means that the corresponding characteristic function λ is in general position. By assumption, Ψ P Ann n Θ. Thus Ψ is a volume polynomial of some multi-fan based on λ according to Lemma 10.3.
10.2.
Proof of Theorem 10.1. Let A˚be an arbitrary Poincare duality algebra over R generated by A 2 . Let 2n be the formal dimension of A and p " dim A 2 . Take any p`n elements x 1 , . . . , x p`n P A 2 in general position (i.e. every p of them are linearly independent). There are n linear relations on x 1 , . . . , x p`n in A 2 of the form
. . , n. Since x i are in general position, every maximal minor of the pp`nqˆn-matrix |λ i,j | is non-zero.
As in the proof of Proposition 7.2, consider the polynomial
Ñ R is any isomorphism. The linear differential operator θ j " ř i λ i,j B i annihilates Ψ A for j " 1, . . . , n. Indeed:
Since θ j are in general position, Proposition 10.4 implies that Ψ A " V ∆ for some multi-fan ∆. Therefore the corresponding Poincare duality algebras A˚and A˚p∆q are isomorphic by Proposition 7.2.
10.3. Non-general position. Now we want to study which polynomials are volume polynomials without the assumption of general position.
Let I Ă rms and let α I : R I Ñ R m be the inclusion of the coordinate subspace. Then αI : pR m q˚" xB 1 , . . . , B m y Ñ pR I q˚is a projection map. For a linear subspace Π Ă pR m q˚of dimension at least n consider the following collection of subsets of rms:
deppΠq :" tI Ă rms | |I| ď n and αI | Π : Π Ñ pR I q˚is not surjectiveu.
Lemma 10.5. Let Π Ă pR m q˚and dim Π ě n. Then there exists a subspace L Ă Π such that dim L " n and deppLq " deppΠq.
Proof. When dim Π " n the statement is trivial so we assume dim Π ą n. The proof follows from the general position argument. If ϕ : Π Ñ U is an epimorphism, and dim Π ą n ě dim U , then the set of all n-planes in Π which map surjectively to U is a complement to a subvariety of positive codimension inside the set of all n-subspaces of Π. This argument applied to all maps αI | Π : Π Ñ pR I q˚proves that any generic n-plane L in Π satisfies deppLq " deppΠq.
Let Ψ be a homogeneous polynomial of degree n and Ann 2 Ψ Ă xB 1 , . . . , B m y " pR m q˚be its annihilator subspace.
Theorem 10.6. A homogeneous polynomial Ψ P Rrc 1 , . . . , c m s n is a volume polynomial of some complete simplicial multi-fan if and only if the following conditions hold:
(1) dim Ann 2 Ψ ě n, (2) B I Ψ " 0 whenever I P deppAnn 2 Ψq.
Proof. The necessity of these conditions is already proved. Indeed, the first condition follows from the fact that Ann 2 V ∆ contains the image of λ J : V˚Ñ pR m q˚" xB 1 , . . . , B m y which has dimension n, see Remark 7.6. If I P deppAnn 2 V ∆ q, then˚-condition (see subsection 2.2) implies I R K, and therefore B I V ∆ " 0 by Lemma 5.1.
Let us prove sufficiency. By Lemma 10.5 we may choose an n-dimensional plane L Ă Ann 2 Ψ such that deppLq " deppAnn 2 Ψq. Therefore, by assumption, I P deppLq implies B I Ψ " 0. Let λ : rms Ñ V be the characteristic function corresponding to L P G m,n . The condition I P deppLq is equivalent to the condition that vectors tλpiqu iPI are linearly dependent.
Consider a simplicial complex M atr λ determined by the condition: ti 1 , . . . , i k u P M atr λ if and only if λpi 1 q, . . . , λpi k q are linearly independent. Thus M atr λ " 2 rms z deppLq. In a sense, the complex M atr λ can be considered as a maximal simplicial complex on rms for which λ is a characteristic function (this construction is similar to the universal complexes introduced in [5] ).
We have I R M atr λ if and only if Θ Ñ xB i y iPI is not surjective. It is easily seen that multi-fans having characteristic function λ are encoded by the simplicial pn´1q-cycles on M atr λ . As before, we have a map Ω λ : Z n´1 pM atr λ ; Rq Ñ Rrc 1 , . . . , c m s n which associates a volume polynomial V ∆ with a multi-fan ∆ " pw ch , λq for w ch P Z n´1 pM atr λ ; Rq. Let Ann n pL, tB I u IPdeppLdenote the subspace of all homogeneous polynomials of degree n which are annihilated by linear differential operators from L and by the products B I , I P deppLq (ô I R M atr λ ). We already proved that the image of Ω λ lies in Ann n pL, tB I u IPdeppLq q. We need to prove that the map Ω λ : Z n´1 pM atr λ ; Rq Ñ Ann n pL, tB I u IPdeppLis surjective. Since Ω λ is injective, it is enough to show that dimensions of the two spaces are equal. First of all notice that M atr λ is by construction the underlying simplicial complex of a linear matroid. Hence M atr λ is a Cohen-Macaulay complex of dimension n´1 (see e.g. [17] ). The number dim Z n´1 pM atr λ ; Rq " dim r H n´1 pM atr λ ; Rq is called the type of the Cohen-Macaulay complex M atr λ .
Consider the Stanley-Reisner ring RrM atr λ s " RrB 1 , . . . , B m s{pB I | I R M atr λ q, and its quotient by a linear system of parameters L Ă xB 1 , . . . , B m y:
RrM atr λ s{pLq " RrB 1 , . . . , B m s{pL, tB I u IPdeppLClaim 10.7. dimpRrM atr λ s{pLqq 2n " dim Ann n pL, tB I u IPdeppLq q.
This follows from basic linear algebra. There is a non-degenerate pairing
Surgery of multi-fans and algebras
In this section we study the behavior of the dimensions d j " dim A 2j p∆q under connected sums and flips of multi-fans. 2 . Actually, there is an ambiguity in the choice of the latter identification, so in fact there exists a 1-dimensional family of connected sums of the given two algebras. We prefer to ignore this ambiguity in the following (the statements hold for any representative in the family).
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We have dmpA 1 #A 2 q " dmpA 1 q`dmpA 2 q´p1, 0, . . . , 0, 1q. Let ∆ 1 , ∆ 2 be two multi-fans, whose vertex sets are rms " t1, . . . , n, n1 , . . . , mu and r r ms " t1, . . . , n, Ć n`1, . . . , r mu respectively, and let I denote the set of common vertices: I " t1, . . . , nu. Assume that the weight of I is non-zero in both multi-fans and assume that characteristic functions of ∆ 1 and ∆ 2 coincide on I. Then we may consider ∆ 1 and ∆ 2 as multi-fans with vertices rms Y I r r ms " t1, . . . , n, n`1, . . . , m, Ć n`1, . . . , r mu and a common characteristic function. In this case we call the cone-wise sum ∆ 1`∆2 a connected sum and denote it by ∆ 1 # I ∆ 2 or simply ∆ 1 #∆ 2 .
Remark 11.2. It would be natural to assume that w 1 pIq "´w 2 pIq, so that the cone spanned by I contracts in the connected sum. This is consistent with the geometrical understanding how "the connected sum" should look like. However, we do not need this assumption in the following proposition. Proposition 11.3. For a connected sum ∆ 1 #∆ 2 there holds
Proof. We need a technical lemma Lemma 11.4. Let ∆ be a multi-fan and I Ă rms be a vertex set such that the corresponding characteristic vectors tλpiqu iPI are linearly independent. Let V ∆ be the volume polynomial and V ∆zI P Rrc i | i P rmszIs n be the homogeneous polynomial obtained by specializing c i " 0 in V ∆ for each i P I. Then A˚pV ∆zI q -A˚pV ∆ qp" A˚p∆qq as Poincare duality algebras.
Proof. Using linear relations θ j " ř m i"1 λ i,j B i " 0 in A 2 p∆q we can exclude the variables B i for i P I. This proves that the set tB i u iPrmszI spans A 2 p∆q. Therefore the polynomial
determines the same Poincare duality algebra as V ∆ .
By the lemma we have A˚p∆ 1 q -A˚pV ∆1zI q and A˚p∆ 2 q -A˚pV ∆2zI q. Polynomials V ∆1zI and V ∆2zI have distinct variables, thus A˚pV ∆1zI`V∆2zI q -A˚pV ∆1zI q#A˚pV ∆2zI q according to Lemma 11.1. It remains to note that V ∆1zI`V∆2zI is the result of specializing c i " 0 for i P I in the polynomial V ∆1`V∆2 . Finally, we have A˚p∆ 1 #∆ 2 q " A˚pV ∆1#∆2 q -A˚pV ∆1#∆2zI q -A˚pV ∆1zI`V∆2zI q -A˚p∆ 1 q#A˚p∆ 2 q.
Flips.
In this section we assume that ∆ is based on an oriented pseudomanifold K. Our goal is to define a flip in a multi-fan. Consider separately two situations.
(1) Flips changing the number of vertices. Let us take a maximal simplex I P K, |I| " n. Let Flip 1 I pKq be a simplicial complex whose maximal simplices are the same as in K except that we substitute I by Cone BI. This operation adds the new vertex i, the apex of the cone. If λ : rms Ñ R n is a characteristic function on K, we extend it to the set rms \ tiu by adding new value λpiq such that the result is a characteristic function on Flip 1 I pKq. This defines an operation on multi-fans which we call the flip of type p1, nq.
The inverse operation will be denoted Flip n i . It is applicable to ∆ if lk K i is isomorphic to the boundary of a simplex and λpVertplk K iqq is a linearly independent set. The inverse operation will be called the flip of type pn, 1q.
(2) Flips preserving the set of vertices. Let S be a subset of VertpKq of cardinality n`1 such that the induced subcomplex K S on the set S is isomorphic to B∆ p´1˚∆q´1 with p`q " n`1, p, q ě 2. Let Flip p S pKq be the simplicial complex whose maximal simplices are the same as in K away from S, and B∆ p´1˚∆q´1 is replaced by ∆ p´1˚B ∆ q´1 . If the set of vectors λpSq is in general position, then this operation is defined on multi-fans. We call it the flip of type pp, qq. It is easily seen that flips of types pp,and pq, pq are inverse to each other.
Of course p1, nq-and pn, 1q-flips can be viewed as particular cases of this construction if we allow ghost vertices and formally set B∆ 0 to be such a ghost vertex. The following proposition tells that dimension vectors of multi-fan algebras change under the flips in the same way as h-vectors of simplicial complexes. Proof. For p1, nq-and pn, 1q-flips this follows from Proposition 11.3 and Lemma 6.1, since p1, nq-flip is just the connected sum with an elementary multi-fan, and pn, 1q-flip is its inverse. Now we consider the remaining cases. pp, qq-flips with p ‰ 1 and q ‰ 1 do not change the vertex set. Let rms denote the vertex set of K and K 1 , and S Ă rms denote the set of vertices at which the flip is performed. We have |S| " n`1 and K| S -B∆ p´1˚∆q´1 and K 1 | S -∆ p´1˚B ∆ q´1 . Let rps be the set of vertices of ∆ p´1 . Let I rmszS denote the ideal in RrB 1 , . . . , B m s generated by B i , pi P rmszSq.
Claim 11.6. I rmszS X Ann V ∆ " I rmszS X Ann V ∆ 1 .
Proof. In the group of multi-fans with a given characteristic function we have a relation ∆ 1 " ∆`T , where T is an elementary multi-fan based on the vertex set S. Informally, to perform a flip on a multi-fan is the same as "to add a boundary of a simplex", which cancels the cones from B∆ p´1˚∆q´1 and adds the cones from ∆ p´1˚B ∆ q´1 . Therefore V ∆ 1 " V ∆`VT , where V T is the polynomial which essentially depends only on the variables c i , i P S. If D P Ann V ∆ X I rmszS then D annihilates both V ∆ and V T . Thus it annihilates V ∆ 1 " V ∆`VT and the claim follows.
We have a diagram of inclusions of graded ideals in RrB 1 , . . . , B m s:
It follows that the quotients of the vertical inclusions are isomorphic as graded vector spaces. Therefore (11.1) dmp∆ 1 q´dmp∆q " dmpRrms{ Ann V ∆ 1 q´dmpRrms{ Ann V ∆ q " dmpRrms{pI rmszS`A nn V ∆ 1 qq´dmpRrms{pI rmszS`A nn V ∆ qq.
Since I rmszS is the ideal generated by B i , pi R Sq, the ring Rrms{pI rmszS`A nn V ∆ q coincides with some quotient ring B of the polynomials in variables B i , pi P Sq, that is B " RrSs{Rels. The linear relations θ j " ř iPrms λ i,j B i in Ann V ∆ induce the relations ř iPS λ i,j B i in Rels. Since the values of λ on S are in general position, these induced relations are linearly independent. We have n linear relations on n`1 variables, thus all variables are expressed through a single variable t, and we have B -Rrts{J . Since we are in a graded situation, and B is a finite dimensional algebra, J is a principal ideal generated by tp for somep ě 0. Hence dmpRrms{pI rmszS`A nn V ∆" dmB " p1, . Note that the vector on the left hand side is symmetric. Hence the vector on the right hand side is symmetric. If at least one inequalityp ď p orq ď q is strict, the vector at the right is not symmetric. Thusp " p,q " q, and the statement follows.
12. Cohomology of torus manifolds 12.1. Multi-fans of torus manifolds. Recall that a torus manifold X is an oriented closed manifold of dimension 2n with an effective action of n-dimensional compact torus T having at least one fixed point, and prescribed orientations of characteristic submanifolds. Any torus manifold determines a non-singular multifan in the lie algebra LpT q -R n of the torus as follows (see details in [7] ). Let X i , i P rms be the characteristic submanifolds. Let M be a connected component of a non-empty intersection X i1 X¨¨¨X X i k for some k ą 0 and ti 1 , . . . , i k u Ă rms, and assume that M has at least one fixed point. Such submanifold will be called a face submanifold. We also assume that the manifold X itself is a face submanifold corresponding to k " 0. It easily follows from the transversality of characteristic submanifolds that M has codimension 2|k|. Let Σ X be a poset of all face submanifolds of X ordered by reversed inclusion. The basic representation theory of a torus implies that Σ X is a pure simplicial poset of dimension n´1 on the vertex set rms. The maximal simplices of Σ X correspond to the fixed points of X.
Given orientations of X and X i , i P rms, each fixed point obtains a sign. This determines a sign function σ X : Σ xny X Ñ t´1,`1u. Finally, let T i denote a circle subgroup fixing X i , for i P rms. The orientation of X i determines the orientation of the 2-dimensional normal bundle of X i , which in turn determines an orientation of T i . Therefore we have a well-defined primitive element λ X piq P HompS 1 , T n q -Z n Ă R n -LpT n q.
This gives a characteristic function λ X : rms Ñ R n . These constructions determine a multi-fan ∆ X :" pΣ X , σ X , λ X q associated with a torus manifold X. This multifan is non-singular and complete [7] .
As described in subsection 2.2, we may turn the data "simplicial poset + sign function" into the data "simplicial complex + weight function". Let K X and w X denote the simplicial complex and the weight function corresponding to ∆ X .
In the following we assume that each non-empty intersection of characteristic submanifolds is connected and contains at least one fixed point. The assumption implies, in particular, that Σ X is a simplicial complex, and therefore K X " Σ X and the weight function w X coincides with σ X .
12.2. Face subalgebra in cohomology. Let X be a torus manifold and ∆ X be the corresponding multi-fan. Let F˚pXq Ă H˚pX; Rq be the vector subspace spanned by the cohomology classes Poincare dual to face submanifolds. Since the intersection of two face submanifolds is either a face submanifold or empty, F˚pXq elements coming from Minkowski relations: ř I:|I|"k apIqλpIq µ x I , where µ P Λ k V and a is a function on pk´1q-simplices of K. Conjecture 12.4. As a vector space, F 2k pXq is generated by the elements tx I u IPK subject to the Minkowski relations ř I:|I|"k apIqλpIq µ x I " 0, where µ runs over Λ k V and a runs over all functions such that the element ÿ I:|I|"k apIqrX I {T s bounds in C n´k pX{T ; Rq.
This question is closely related to Problem 9.6. It can be seen that whenever ř I:|I|"k apIqrX I {T s bounds in C n´k pX{T ; Rq, the element ř I:|I|"k apIqF I is a cycle of multi-polytopes, therefore ř I:|I|"k apIqλpIq µ x I vanishes in A˚p∆ X q. However, there may be cycles of multi-polytopes such that the corresponding elements ř I:|I|"k apIqrX I {T s do not bound in the orbit space. This observation represents the fact that the right arrow in (12.2) can be nontrivial.
If X is an oriented manifold with locally standard torus action, having trivial free part and acyclic proper faces of the orbit space, the conjecture is proved in [1] . Informally, this situation corresponds to the case when the underlying simplicial complex of ∆ X is an oriented homology manifold.
